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Abstract. Given a Heegaard splitting of a 3-manifold, we use Lagrangian Floer homology to 
construct a relatively Z/8Z-graded abelian group, which we conjecture to be a 3-manifold invariant. 
Our motivation is to have a well-defined symplectic side of the Atiyah-Floer Conjecture, for arbitrary 
3-manifolds. The symplectic manifold used in the construction is the extended moduli space of 
flat 5'(7(2)-connections on the Heegaard surface. An open subset of this moduli space carries a 
symplectic form, and each of the two handlebodies in the decomposition gives rise to a Lagrangian 
inside the open set. In order to define their Floer homology, we compactify the open subset by 
symplectic cutting; the two-form on the resulting manifold has degeneracies, but we show that one 
can still develop a version of Floer homology in this setting. 
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^ ■ 1. Introduction 

Floer's instanton homology p3] is an invariant of integral homology three-spheres Y that serves 
| as target for the relative Donaldson invariants of four-manifolds with boundary; see [12]. It is 

defined from a complex whose generators are (suitably perturbed) irreducible flat connections in 
a trivial S'C/(2)-bundle over Y, and whose differentials arise from counting anti-self-dual SU (2)- 
connections on Y x R. There is also a version of instanton Floer homology using connections in 
fSj . C/(2)-bundles with c\ odd ([IS], [9]), an equivariant version ([3], [5]), and several variants that use 

both irreducible and reducible flat connections p2]. More recently, Kronheimer and Mrowka |27j 
have developed instanton homology for sutured manifolds; a particular case of their theory leads 
', to a version of instanton homology that can be defined for arbitrary closed three-manifolds. 

<^ ' In another remarkable paper j!5j . Floer associated a homology theory to two Lagrangian sub- 

manifolds of a symplectic manifold, under suitable assumptions. This homology is defined from a 
complex whose generators are intersection points between the two Lagrangians, and whose differ- 
entials count pseudo-holomorphic strips. The Atiyah-Floer Conjecture [2] states that Floer's two 
constructions are related: for any decomposition of the homology sphere Y into two handlebodies 
glued along a Riemann surface £, instanton Floer homology should be the same as the Lagrangian 
^ 1 Floer homology of the SU (2)-character varieties of the two handlebodies, viewed as subspaces of 

the character variety of £. 

As stated, an obvious problem with the Atiyah-Floer Conjecture is that the symplectic side 
is ill-defined: due to the presence of reducible connections, the S'?7(2)-character variety of £ is 
not smooth. Nevertheless, some partial results in the direction of the conjecture were obtained 
by Salamon and Wehrheim, who studied instantons with Lagrangian boundary conditions; see 
|45j . [52], [46] . Another approach is to avoid reducibles altogether by using nontrivial C/(2)-bundles 
instead. This road was taken by Dostoglou and Salamon [13], who proved a variant of the conjecture 
for mapping tori. 

The goal of this paper is to propose another candidate that could sit on the symplectic side of 
the (suitably modified) Atiyah-Floer Conjecture. 

Here is a short sketch of the construction. Let £ be a Riemann surface of genus h > 1, and 
z S £ a base point. The moduli space j$ (£) of flat connections in a trivial <Si7(2)-bundle over 
£ can be identified with the character variety {p : vri(E) — > SU(2)}/PSU(2). The moduli space 
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is typically singular. However, Jeffrey |24] and, independently, Huebschmann [21], showed 
that j0t (S) is the symplectic quotient of a different space, called the extended moduli space, by 
a Hamiltonian PSU (2)-action. The extended moduli space is naturally associated not to E, but 
to a surface with boundary obtained from £ by deleting a small disk around z. The extended 
moduli space has an open smooth stratum, which Jeffrey and Huebschmann equip with a natural 
closed two-form. This form is nondegenerate on a certain open set .jViYl), which we take as our 
ambient symplectic manifold. In fact, ^Y{Yf) can also be viewed as an open subset of the Cartesian 
product SU(2) 2h = {p : 7Ti(S / ) — > SU(2)}. More precisely, if we pick 2h generators for the free 
group 7Ti(S'), we can describe this subset as 

h 

^{Y,') = [{A l ,B l ,...,A h ,B h )eSU{2) 2h | U^S^-l}. 

i=l 

Consider a Heegaard decomposition of a three-manifold Y as Y = Hq U H\, where the handle- 
bodies Ho and H± are glued along their common boundary S. There are smooth Lagrangians 

U = {Tri(Fi) SU(2)} c ^(E'), i = 0, 1. 

In order to take the Lagrangian Floer homology of Lq and L\, care must be taken with holomor- 
phic strips going out to infinity; indeed, the symplectic manifold JV (£') is not weakly convex at 
infinity. Our remedy is to compactify JVi^l) by (non-abelian) symplectic cutting. The resulting 
manifold c/K c (S') is the union of JV (£') and a codimension two submanifold R. A new problem 
shows up here, because the natural two-form ojq on JV C (J^*) has degeneracies on R. Nevertheless, 
(,yV c (T<'),u)o) is monotone, in a suitable sense. One can deform ujq into a symplectic form uj e , at the 
expense of losing monotonicity. We are thus led to develop a version of Lagrangian Floer theory 
on t /K c (S / ) by making use of the interplay between the forms ujq and uj t . Our Floer complex uses 
only holomorphic disks lying in the open part of ^V c (Ti'). We show that, while holomorphic 

strips with boundary on Lq and L\ can go to infinity in J^iTi'), they do so only in high codimension, 
without affecting the Floer differential. The resulting Floer homology group is denoted 

FSI(£; H , #i) = HF(L , U in ^ (£')), 

and admits a relative Z/8Z-grading. We call this group the symplectic instanton homology associ- 
ated to the Heegaard splitting (£; Ho, H{). Strictly speaking, the Floer groups also depend on the 
base point z: as z varies over the Heegaard surface, the corresponding groups form a local system. 
However, we drop z from notation for simplicity. 

We conjecture that H SI (T,; Ho, Hi) is an invariant of the three-manifold Y. In order to prove 
this, we would need to show that the groups are invariant under stabilization of the Heegaard 
splitting. One could hope to attack this by using the theory of Lagrangian correspondences and 
pseudo- holomorphic quilts developed in [54] . Unfortunately, the structure of bubbles for pseudo- 
holomorphic quilts is not yet fully understood; in particular, a removal of singularity theorem 
is lacking. This makes it difficult to extend the theory to a setting like ours, where we have a 
non-monotone symplectic form, or a monotone closed form with degeneracies. 

Let us explain how we expect HSI(E; Ho, H\) to be related to the traditional instanton theory on 
3-manifolds. We restrict our attention to the original set-up for Floer's instanton theory I(Y) from 
|14j . when Y is an integral homology sphere. It is then decidedly not the case that HSI coincides 
with Floer's theory; for example, for the genus one Heegaard splitting of S 3 we have HSI = Z, but 
I{S 3 ) = 0. Nevertheless, in |12[ Section 7.3.3], Donaldson introduced a different version of instanton 
homology, a Z/8Z-graded vector field over Q denoted HF, which satisfies HF(S 3 ) = Q. (Floer's 
theory / is denoted HF in [12].) We state the following variant of the Atiyah-Floer Conjecture: 
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Conjecture 1.1. For every integral homology sphere Y with a Heegaard splitting (E; Hq, Hi), the 
symplectic instanton homology HSI(T,; Hq, H\) ® Q and the Donaldson- Floer homology HF(Y) 
from [12] are isomorphic, as relatively Z /8Z- graded vector spaces. 

Alternatively, one could hope to relate HSI to the version of instanton Floer homology developed 
by Kronheimer and Mrowka in [27]. More open questions, and speculations along these lines, are 
presented in Section 1(01 

We remark that while in this paper we only deal with SU(2), a similar construction can be 
done for some (simply connected) higher rank groups. While the geometry of the situation is more 
intricate for higher rank groups, it turns out that some analytical details are easier, because the 
degeneracy locus of the symplectic form on .jV c ^Tl) has higher codimension (equal to twice the 
rank of the group). We plan to explain the higher rank case in a future paper. 

Acknowledgments. We would like to thank Yasha Eliashberg, Peter Kronheimer, Tim Perutz, 
and Michael Thaddeus for some very helpful discussions during the preparation of this paper. 

2. Floer homology 

2.1. The monotone, nondegenerate case. Lagrangian Floer homology was originally con- 
structed in [15] under some restrictive conditions, and later generalized by various authors to 
many different settings. We review here its definition in the monotone case, due to Oh |36[ [38] , 
together with a discussion of orientations following Fukaya-Oh-Ohta-Ono [T7J. 

Let (M, uj) be a compact symplectic manifold. We denote by J(M,uj) the space of compat- 
ible almost complex structures on (M, uj), and by J t {M,uj) = C°°([0, 1], J{M, uj)) the space of 
time- dependent almost complex structures. Any compatible almost complex structure J defines a 
complex structure on the tangent bundle TM. Since J{M,uj) is contractible, the first Chern class 
c\{TM) E H 2 (M, Z) depends only on uj, not on J. The minimal Chern number Nm of M is defined 
as the positive generator of the image of c\(TM) : ^(M) — > Z. 

Definition 2.1. Let (M,uj) be a symplectic manifold. M is called monotone if there exists k > 
such that 

[u] =k-c x (TM). 
In that case, k is called the monotonicity constant. 

Definition 2.2. A Lagrangian submanifold L C (M, uj) is called monotone if there exists a constant 
k > such that 

w Itt 2 (A/,L) = K • l^L-i 

where /i£ : TT2(M,L) — )■ Z is the Maslov index [6i)\ Appendix C]. 

The minimal Maslov number Nl of a monotone Lagrangian L is defined as the positive generator 
of the image of hl in Z. 

From now on we will assume that M is monotone and that we are given two closed, simply 
connected Lagrangians L$,L\ C M. These conditions imply that Lq and L\ are monotone with 

N Lo = N Ll = 2N M . 

We assume that Nm > 1, and denote N = 2Nm > 4. We also assume that W2(Lq) = W2(L\) = 0. 
After a small Hamiltonian perturbation we can arrange so that the intersection Lq n L\ is 
transverse. The Floer chain complex is then defined to be the abelian group 

CF{L ,L 1 )= O x , 

where O x is the orientation group of x. This is the abelian group (noncanonically isomorphic to 
Z) which is generated by the two possible orientations of x, with the relation that their sum is 
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zero. Our assumptions allow one to define a relative Maslov index Agr(x,y) € Z/iVZ for every 
x, y 6 Lq flLi. The relative index satisfies Agr(x, y) + Agr{y, z) = Agr(x, z) and induces a relative 
Z/iVZ-grading on the chain complex. 

The Lagrangian Floer homology groups HF^(Lq, L±) are the homology groups of CF*(Lo, L\) 
with respect to the differential d defined on generators by 

dx = ^2 n xyV- 

v 

Here n xy € Z is the signed count of pseudo-holomorphic strips (Floer trajectories) from x to y, i.e. 
isolated solutions (modulo translation in s) to Floer's equation 

'u:lx[0,l]->M, 

u(s,0) £ Lq, u(s,1) G Li, 

^' * d s u + J t (u)d t u = 0, 

lim u(s, •) = x, lim u(s, •) = y, 

K s— >+oo S— ¥— oo 

where (Jt)o<t<i is chosen from a second category subset Jt CZ {Lq,Li) C J t {M,oj) of (Lo,Li)- 
regular, time-dependent compatible almost complex structures. 

The monotonicity condition and the assumption N > 4 give control over the bubbling of disks 
and spheres, so that the moduli spaces of solutions to (|T|) have well-behaved compactifications; when 
their expected dimension (mod translation) is at most one, these compactifications only include 
broken strips with no bubbles. This implies that d is finite and d 2 = 0. The condition that the 
Lagrangians have vanishing w 2 is used in defining orientations on the moduli spaces, so that n xy is 
integer valued. (More generally, one could define orientations provided that the pair of Lagrangians 
is relatively spin in the sense of [I7j; in our case, we choose the relative spin structure to be zero.) 

An important property of the Floer homology groups HF*(Lq, L\) is that they are independent 
of the choice of path of almost complex structures, and invariant under Hamiltonian isotopies of 
either Lq and L\. Since H\(Lq) = H±(Li) = 0, any isotopy of Lq or L\ through Lagrangians can be 
embedded in an ambient Hamiltonian isotopy; see for example [411 Section 6.1] or the discussion 
in 0S1 Section 4(D)]. 

2.2. A relative version. Let R be a (compact) symplectic hypersurface in a compact symplectic 
manifold {M 2n ,u). We denote by P.D.([i2]) G H 2 (M;Z) the Poincare dual of [R]. 

Definition 2.3. We say that a simply connected Lagrangian L C M is compatible with R if the 
restriction of P.D.Qi?]) to H 2 (L; Z) is trivial. In particular, L is compatible with R if LCl R = $. 

The exact sequence in homology for the pair (M, M\L) reads 

H 2n ^(M, M \ L) — > H 2n _ 2 {M \ L) -»• H 2n _ 2 (M) -> H 2n _ 2 (M, M\L) = H 2 (L). 

Since H 2n -i(M, M \L) = H l (L) = 0, the compatibility condition between L and R means that 
R produces a well-defined class in H 2n _ 2 (M \ L). In particular, there is a well-defined algebaric 
intersection number between R and surfaces with boundary on L. 

Further, assume that we have two simply connected Lagrangians Lq, L\ compatible with R. Then 
each pseudo-holomorphic strip ii:Rx[0,l]-> (M;Lq,L\) has a well-defined intersection number 
u ■ R, defined as a signed count of intersection points of generic perturbations. Since the tangent 
spaces to the image of u and R are symplectic, and this property holds under generic perturbations 
of R, it follows that u ■ R is nonnegative. 

The intersection numbers u ■ R depend only on the relative homology class of u, and are additive 
under concatenation of trajectories: 

(u# v ).R= (u- R) + (v ■ R). 
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Assume now that M , Lq and L\ satisfy the assumptions from the previous subsection, so that 
the Floer homology HF(Lq, Li) is well-defined. We can then also define a restricted differential 8q 
on CF(L ,Li): 

dox = ^2 n xyV^ 
y 

where n^ y counts only those Floer trajectories u from x to y such that u ■ R = 0. The fact that the 
intersection numbers are additive and nonnegative shows that <9q = 0. Let HF(Lq, Li; R) denote 
the homology of (CF(Lq, Li),8q). We call HF(Lq, L\\ R) the Lagrangian Floer homology of Lq, L\ 
relative to the hypersurface R. This kind of construction has previously appeared in the literature 
in various guises; see for example Seidel's deformation of the Fukaya category \47\ p. 8] or the hat 
version of Heegaard Floer homology |40| . 

Remark 2.4. The image of H^{M \ R) in H2(M) consists exactly of those classes that have trivial 
intersection with [R\; the same is true for the second homology relative to Lq or L\. This means 
that HF(Lq, Li; R) admits a relative Z/iV'Z-grading, where N' = 2N M \ R is a positive multiple of 
N. 

Let us assume for simplicity that LqDR = L±nR = 0. Let it be a Floer trajectory with u-R = 0. If 
u intersects R transversely, the fact that all the intersection points contribute positively means that, 
in fact, u(M x [0, 1]) Pi R = 0. However, if the intersection is not transverse, it might be nonempty; 
this phenomenon does happen in high-dimensional families of trajectories. The following lemma 
shows that it does not happen in zero-dimensional families: 

Lemma 2.5. Assume LqCiR = LiCiR = 0, and that the intersection Lq n L\ is transverse. Then, 
for a generic choice of a one-parameter family (</t)te[o,i] °f almost complex structures compatible 
with uj, every isolated pseudo-holomorphic strip u satisfying ([I]) and u ■ R = is disjoint from R. 

Proof. Fix x,y 6 Lq n L\. Fix also a homotopy class A of strips lx[0,l] ->M with boundary 
conditions on Lq, Li and limits x, y at ±oo; we assume that the Maslov index of A is one, i.e. the 
expected dimension of the space of Floer trajectories in the class A (modulo translation) is zero. 

We denote by M{M,Lq,L\,A) the universal moduli space of data (Jt,u) consisting of a time- 
dependent compatible almost complex structure (Jt)t£[o,i] ( m a suitable completion of the space 
J T (M, uj)) and a Jj-holomorphic strip u in the class A. Then M(M, Lq, Li, A) is a Banach manifold, 

cf. [IS], ES]. 

We denote by p the natural projection from A4(M, Lq, Li, A) to the completion of J T {M, to). We 
also denote M(M, Lq, L\,A, J t ) = p~ l (Jt). 
There is a natural evaluation map 

ev : (R X [0, 1]) x M(M,L ,L 1 ,A) ->■ M, ev(z, J t ,u) = u(z). 

A standard argument (as in [301 Section 3.4], but with strips instead of closed curves), shows 
that the evaluation map is transverse to R. Hence ev~ 1 (R) is a Banach manifold. By Sard-Smale, 
the set of regular values of the restriction of p to ev~ 1 (R) is Baire second category. For any 
regular value (Jt), the restriction of ev to (R x [0, 1]) x M.(M, Lq, L%,A, J t ) is transverse to R. Since 
A4(M, Lq, Li, A, J t ) is zero-dimensional (after dividing out by translation), every J t -holomorphic 
strip u in the class A is transverse to R. Since u-R = 0, by the principle of positivity of intersections 
we get that u is disjoint from R. 

The set of all possible x, y and A is countable, so the conclusion follows. □ 

Lemma 12.51 shows that (under the given assumptions) do counts only trajectories disjoint from 
R. Therefore, we can think of HF(Lq, Li; R) as the Floer homology of Lq and L\ inside M \ R. 
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2.3. Floer homology on semipositive manifolds. In this section we extend the definition of 
Floer homology to a semipositive setting. More precisely, we assume the following: 

Assumption 2.1. (i) (M,u e ) is a compact symplectic manifold; 

(ii) ujq is a closed two-form on M ; 

(iii) The degeneracy locus R C M of uq is a symplectic hypersurface with respect to w e ; 

(iv) uq is monotone, i.e. [cjq] = k ■ c±(TM) for some k > 0; 

(v) The restrictions of ujq and u e to M\R have the same cohomology class in H 2 (M \ R); 

(vi) The forms coq and oo e themselves coincide on an open subset W C M \R; 

(vii) We are given two closed submanifolds Lq,L\ C W which are Lagrangian with respect to co e 
(hence Lagrangians with respect to ujq as well); 

(viii) 7ri(Lo) = 7Ti(£i) = 1 and W2(L ) = w 2 (Li) = 0; 

(ix) The minimal Chern number Nm\r (with respect to either loq or ui e ) is at least 2, so that 
N = 2N M \ R > 4; 

(x) There exists an almost complex structure J on M that is compatible with respect to u t on 
M , and compatible with respect to ujq on M \ R. We fix such a J, which we call the base 
almost complex structure. 

Let us remark that, because J is compatible with respect to u>o on M\R, by continuity it follows 
that J is semipositive with respect to ujq on all of M, i.e., ujq{v,Jv) > for any m G M and 
v G T m M. 

Our goal is to define a relatively Z/iVZ-graded Floer homology group HF(Lq, Li, J; R) using 
Floer trajectories away from R and a path of almost complex structures that are small perturbations 
of J. The construction is similar to the one in Section 12.21 but a priori it depends on J. (We 
should note that defining a group HF(Lq,L\, J) by using Floer trajectories that can intersect R 
nontrivially seems much more difficult in this situation.) 

Definition 2.6. Let K > 0. 

(a) We say that J G J{M,uj t ) is i'T-spherically semipositive if every J -holomorphic sphere of 
energy E(u) = f u*u e < K has non-negative Chern number I{u) = ci(TM)[u] > 0. 

(b) We say that J G S(M, u) e ) is i'T-hemispherically semipositive if J is K -spherically semiposi- 
tive and every J -holomorphic map (D 2 ,dD 2 ) — > (M, Li), i G {0, 1} of energy E(u) = J u*oo e < K 
has non-negative Maslov index I(u); and, further, if I(u) = then u is constant. 

Given a continuous map u : (D 2 , dD 2 ) — > (M, Lj), i = 0, 1, we define the canonical area of u by 

[u) \{u) 



K 

Lemma 2.7. We have I{u) = A can (u), for any u : (D 2 , 3D 2 ) — > (M, Li). 

Proof. Since Li is simply connected, we can find a disk v contained in Lj with boundary equal 
to that of u, but with reversed orientation. Let u#v : S 2 — ?> M the map formed by gluing. By 
additivity of Maslov index 

/(«) = /(«) + i(v) = i( u #v) = = MM, 

K K 

since both the index and the area of v are trivial. □ 

We define a strip with decay near the ends to be a continuous map 
(2) u : (R x [0,1], R x {0},lx {1}) -> (M,L ,Li) 

such that lim^oo u(s, t), lims^-oo u(s, t) G Lq D L\ exist. Every strip with decay near the ends 
admits a relative homology class in H2 (M, LqULi), and therefore has a well-defined canonical area 

A cM := MM 

K 
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and a Maslov index I(u). 

The following lemma is |36| Proposition 2.7]: 

Lemma 2.8. Strips (J2J) satisfy an index-area relation 

I{u) = A CSin (u) + C, 

for some constant C depending only on the endpoints of u. 

Proof (sketch). Pick uq a reference strip with the same endpoints as u. Using the fact that 7Ti(Lo) = 
1, we can find a map v : D 2 —> Lq such that half of its boundary is taken to the image of uo(M. x {0}) 
and the other half to the image of u(R x {0}). By adjoining v to u and uq (the latter taken with 
reversed orientation), we obtain a disk {—uq)^v#u with boundary in L\. Applying Lemma 12.71 to 
this disk, and using the additivity of the index and canonical area under gluing, we obtain 

I{u) - I(n ) = A can (u) - A c ^{uq). 

We then take C = I(uo) — A C3Il (uo). □ 

Lemma 2.9. For any K > 0, J is K -hemispherically semipositive. 

Proof. Nonnegativity of I follows from the fact that uiq(v,Jv) > for any v € T m M,m £ M, 
together with the monotonicity of luq (for spheres) and Lemma 12.71 for disks. If a J-holomorphic 
disk u has I(u) = 0, its canonical area must be zero. Since J is compatible with respect to ujq 
on M \ R, the disk should be contained in R. However, this is impossible, because the disk has 
boundary on a Lagrangian Lj with Lj D R = 0. (By contrast, in principle we can have L(u) = for 
non-constant J-holomorphic spheres contained in R.) □ 

In [30\ Lemma 6.4.7] it is shown that the set of X-spherically semipositive almost complex 
structures is open in the space J{M,uj e ) of all almost complex structures compatible with u t . The 
proof there can be adapted to prove the following: 

Proposition 2.10. For each K > 0, the set of K -hemispherically semipositive almost complex 
structures contains an open neighborhood of J in J{M,u e ). 

Proof. Assume the statement about the disks having nonnegative index is false. Then there exists 
a sequence J u — > J of almost complex structures and a sequence u v of J^-holomorphic disks with 
boundary in Lj satisfying E{u v ) < K and I(u u ) < 0. The limit of such a sequence is a J-holomorphic 
stable configuration (disk with some bubbles) with boundary in Lj and having negative index. By 
additivity of the index, at least one of the component disks or spheres must have negative index. 
The energy of that component has to be less than K, which contradicts the iT-semipositivity of J. 
The same proof works to show that c\ (TM) [u] > for J-holomorphic spheres of energy less than 
K. 

We also need to check the statement about disks of index zero being constant. Assume other- 
wise. Then we have a sequence J u — > J and J,-holomorphic nonconstant disks u v with E(u u ) < 
K, I{u u ) = 0. The limit must be a J-holomorphic stable configuration of index zero, hence con- 
stant. Thus, for v S> 0, the disks u u are contained in the open set W where coq = u t . Therefore, 
E(u v ) = KA ca _ n (u u ) = kI(u u ) = 0. Since J u is compatible with respect to uj e , it follows that u v must 
be constant, a contradiction. □ 

Lemma 2.11. Let M, Lq, Li, ljq, uj € , J satisfy Assumption \2.1\ Suppose further that Lq and L\ 
intersect transversely. Then there exists a constant K > such that, for any (Jt) £ J T {M, cu e ), and 
for any Jt-holomorphic strip u of Maslov index 1 satisfying ([1]) and whose image lies in M\R, we 
have the energy bound E{u) < K. 
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Proof. On the complement of R we have oj e — ojq = da, where a 6 Q}(M \ R) satisfies da = on the 
neighborhood W of Lq U L±. Let u be a Jj-holomorphic strip whose image is contained in M \ R. 
Then 

E(u) — KA can (u) = / u*(uj € — ojq) = / d(u*a) = I u*a— I u*a, 

JRx[0,l] JRx[0,1] J -yo J li 

where 7$ is a path in the Lagrangian Li joining the endpoints of u. Since da = on Li, Stokes' 
Theorem implies that j^u*a is independent of 7; it just depends on the endpoints. Therefore, 
E(u) — kA C3XI (u) only depends on the endpoints of u. Together with Lemma [2 .81 this gives an energy 
index relation as follows: for any Jt-holomorphic u in M \ R, we have 

-E(u) + C = I(u) = 1, 

K 

where C is a constant depending on the endpoints of u. Since there is a finite number of possibilities 
for these endpoints, the conclusion follows. □ 

Proposition 2.12. Let M, Lq, Li,ojQ,uj t , J satisfy Assumption \2.1l and that Lq and L\ intersect 
transversely. Then, for a generic path of almost complex structures Jt 6 J(M,uj e ), < t < 1 
picked from a neighborhood of J, the relative Floer differential counting trajectories disjoint from 
R is finite and satisfies 8q = 0. The resulting (relatively Z/iVZ- graded) Floer homology groups 
H F*(Lq, L\, J ; R) are independent of the choice of path (Jt), and are preserved under isotopies of 
either Lagrangian, as long as Assumption s. 1\ and the transversality are still satisfied. 

Proof. Let K be the constant from Lemma 12.111 If (Jt)te[o,i] is a generic time-dependent pertur- 
bation of J, by Proposition 12.11)1 we can assume that all Jts are i^-hemispherically semipositive. 

We seek to define the Floer differential 8q by counting J^-holomorphic strips u of index 1, with 
u ■ R = 0. To show that do is finite, we need to show that the moduli spaces of such strips are 
compact. Further, to show that <9q = 0, we need to show that the moduli spaces of Jj-holomorphic 
strips u of Maslov index 2 with u ■ R = have well-defined compactifications by broken trajectories 
only (without disk or sphere bubbling). 

The first step in applying Gromov compactness is to have an energy bound on the strips. In 
the Maslov index 1 case, this follows from the fact that R is symplectic with respect to oj e . Indeed, 
for generic Jt, holomorphic strips u of Maslov index 1 with u ■ R = are actually disjoint from 
R; compare the proof of Lemma 12.51 Hence, we have the energy bound from Lemma (|2.1ip . In 
the Maslov index 2 case, i.e. for the study of 8q, we only need an energy bound on strips in fixed 
homotopy classes. Since the energy is a homotopy invariant, this bound is automatic. 

Next, we need to rule out sphere bubbles and disk bubbles in the boundary of our moduli spaces 
of strips. Assume that we have a sequence (u u ) of pseudo-holomorphic strips of index 1 or 2 that 
Gromov converges to a configuration consisting of a strip and at least one disk or sphere bubble. 
Note that E(u v ) < K for all v; the same must be true for the limiting configuration. Since Jf- 
holomorphic curves have nonnegative energy, and the energy is additive, we get that every disk 
or sphere appearing in the limiting configuration has energy less than K. Since the Jt's are K- 
hemispherically semipositive, their indices are nonnegative. Further, since we started with index at 
most 2, and sphere and disk bubbles cannot have index 1, it follows that they all have index zero, 
except possibly one component of index 2. By the definition of K- hemispherical semipositivity, 
the index zero disk components are constant. The minimal Maslov index for disks with trivial 
intersection with R is N = 2N]yj\^; compare Remark 12.41 Since N > 2, we conclude that there are 
no disk components at all. 

Thus, the limiting configuration is a tree composed of one strip of index fx < 2, and several 
sphere bubbles, all of index zero or two. Pick a sphere bubble B, one of those directly attached 
to the strip. (B may be multiply covered.) Consider the configuration made of the strip plus the 
simple sphere B' associated to B. The Chern number d = c±(TM)[B'] is between and 1, and 



FLOER HOMOLOGY ON THE EXTENDED MODULI SPACE 



9 



if d = 1, then /i = 0. If Jt is a generic time-dependent perturbation, the moduli space of Floer 
trajectories with attached simple sphere bubbles has expected dimension /i + 2d, i.e. we can achieve 
transversality. (Here one needs to check that the evaluation map is transverse to the diagonal; the 
proof is similar to that of \30\ Theorem 6.7.11 (h)].) However, B' is attached to the trajectory at 
a point, so it has a four-dimensional automorphism group: the group of conformal transformations 
of C, which consists of affine linear maps of the form z — > az + b. This contradicts the fact that 
fi + 2d < 4. 

The statement about the invariance of HF(Lq, L\, J; R) follows from the usual continuation 
arguments in Floer theory. □ 

Remark 2.13. If M, Lq, L\,ojQ,u) e , J satisfy Assumption 12. 11 we can define HF^(Lq, L\, J; R) even if 
Lq and L\ do not intersect transversely: one can simply isotope one of the Lagrangians to achieve 
transversality, and take the resulting Floer homology. 

Remark 2.14. A smooth variation of the base almost complex structure J induces an isomorphism 
between the respective Floer homologies HF(Lq, L±, J; R). However, if we are only given loq and 
u e , it is not clear whether the space of possible J's is contractible. This justifies keeping J in the 
notation HF(Lq, L\, J; R). 

3. Moduli spaces of flat bundles 

3.1. Notation. Throughout the rest of the paper G will denote the Lie group SU(2), and G ad = 
PSU{2) = SO(3) the corresponding group of adjoint type. We identify the Lie algebra g = su(2) 
with its dual g* by using the basic invariant bilinear form 

(v>:gx fl ^I, {A, B) = -Tr (AB). 

The maximal torus T = S 1 C G consists of the diagonal matrices diag(e 27rtl , e~ 27rtl ), t £ R. We let 
T ad = t/(Z/2Z) C G ad and identify the Lie algebra t =Lie(T) with R by sending diag(i, -i) to 1. 
Under this identification, the restriction of the inner product (•, •) to t is twice the Euclidean metric. 
We use this inner product to identify t with t* as well. Finally, we let t 1 - denote the orthogonal 
complement of t in g. 

Adjoint orbits in g are parametrized by the positive Weyl chamber t+ = [0, oo). Indeed, the 
adjoint quotient map 

Q : g -> [0, oo) 

takes 8 € g to t such that 9 is conjugate to diag(ti, —ti). 

On the other hand, conjugacy classes in G are parametrized by the fundamental alcove 21 = 
[0, 1/2]. Indeed, for any g € G, there is a unique t € [0, 1/2] such that g is conjugate to the diagonal 
matrix diag(e 2,r *% e~ 2ntl ). 

3.2. The extended moduli space. We review here the construction of the extended moduli space 
( |24] . [21]). mostly following Jeffrey's gauge-theoretic approach from [23]. 

Let E be a Riemann surface of genus h > 1. Fix some z£E and let £' denote the complement 
in E of a small disk around z, so that S = <9E' is a circle. Identify a neighborhood of S in E' with 
[0, e) x S, and let s € R/2-7rZ be the coordinate on the circle S. 

Consider the space j^(E') = J7 1 (E / ) ® g of smooth connections on the trivial G-bundle over E', 
and set 

,c/8(E') = {A G ^Z(E') | Fa = 0, A = 6ds on some neighborhood of S for some € g}. 
The space jz/^E') is acted on by the gauge group 

<S c (Yl) = {/ : E' ->• G | / = / on some neighborhood of S}. 
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The extended moduli space is then defined as 

^ fl (£') = ^ 9 (S / )/^ c (S')- 

A more explicit description of the extended moduli space is obtained by fixing a collection of 
simple closed curves a,, (i = 1, . . . , h) on based at a point in 5, such that 7Ti(£') is generated 
by their equivalence classes and the class of a curve 7 around S, with the relation: nf=i[ a «> Pj\ = 7- 

To each connection on £' one can then associate the holonomies Ai,Bi G G around the loops ai 
and respectively, i = 1, . . . ,h. This allows us to view the extended moduli space as 

h 

(3) #(E') = {(i 1 ,B ll ..,44»)eG a x 9 I JJ[^,B i ]=exp(27re)}. 

i=i 

There is a proper map 

$ : ^# S (S') -)■ g 

which takes the class [^4] of a connection A to the value 9 = &(A) such that A\s = 9ds. (This 
corresponds to the variable 6 appearing in (j3j).) There is also a natural G-action on ^# (S') given 
by constant gauge transformations. With respect to the identification (j3J), it is 

(4) g G G : (A,B U 9) -> (gAig^ 1 , gBig~ l , kd(g)9) . 

Observe that this action factors through G ad . The map $ is equivariant with respect to this 
action on its domain, and the adjoint action on its target. Set 

$ : ^# 9 (£') -> [0,oo), 4> = Qo$. 

Now consider the subspace 

^#J>(£') = {x G ^ (£') I Z \ {0} }. 

Proposition 3.1. ('oj The space ^KiiTi') is a smooth manifold of real dimension 6h. 
(b) Every nonzero element 9 G g is a regular value for the restriction of & to ^# S (S'). 

Proof. Part (a) is proved in \24\ Theorem 2.7]. We copy the proof here, and explain how the same 
arguments can be used to deduce part (b) as well. 

Consider the commutator map c : G 2h — > G, c{A\, B\, . . . , Ah, B^) = \\ i= i[Ai, Bj\. For p = 
(At, B\, . . . , A},,, Bfr) G G 2h , the differential dc p is surjective unless c(p) = I; see for example [U 
Proposition 2.1]. 

Define the maps 

h : G 2h x -> G, h(p, 9) = c(p) ■ exp(-27T0) 

and 

f 2 : G 2h xg^Gxg, f 2 (p, 9) = {h{p, 9), 9). 

On the extended moduli space ^ S (T,') = we have 

(dfi)(p,o) = (dc) p exp(-2ir9) - 27rexp(27r^)(dexp)_ 27r e. 

When c(p) = exp(2n9) 7^ /, we have that (dc) p is surjective, hence so is (4fi)(p,e)- Also, when 
9 = 0, (fiexp)_27r0 is just the identity, so again (d/i)( Pi e) is surjective. Claim (a) follows. 
Next, observe that 

{df2)(p,e){a, A) = ({dfi) (pfi) (a, X), X) = (dc p (a) ■ exp(-27r(9) + /(A), A), 

where /(A) does not depend on a. Hence, when c(p) = exp(27r#) ^ /, the differential (df2)( p .e) is 
surjective. This implies that any 9 G g with Q{9) Z is a regular value for $| ^(jy). Since the 
values 9 G g with Q(6 I ) G Z \ {0} are not in the image of they are automatically regular 

values, and claim (b) follows. □ 
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Consider also the subspace 

^(S') = 4'" 1 ([0,1/2)) C^|(S'). 

Note that the restriction of the exponential map 8 — > exp(27r#) to Q _1 ([0, 1/2)) is a diffeomor- 
phism onto its image G \ {— J}. Therefore, using the identification ©, we can describe ^YiTi 1 ) 
as 

h 

(5) ^(Z') = {(A l ,B 1 ,...,A h ,B h )eG 2h \ Y[[Ai,Bi]^-iy 

i=l 

3.3. Hamiltonian actions. Let K be a compact, connected Lie group with Lie algebra 6. We let 
K act on the dual Lie algebra t* by the coadjoint action. 

A pre-symplectic manifold is a smooth manifold M together with a closed form uj € ri 2 (M), 
possibly degenerate. A Hamiltonian pre-symplectic K -manifold (M, uj, $) is a pre-symplectic man- 
ifold (M,uj) together with a smooth ET-action and a if-equivariant smooth map $ : M — > t* , such 
that for any £ G 0, if denotes the vector field on M generated by the one-parameter subgroup 
{exp(-t£)|t e R} C K, we have 

Under these hypotheses, the if-action on M is called Hamiltonian, and $ is called the moment 
map. The quotient 

M//K := $ _1 (0)/lir 

is named the pre-symplectic quotient of M by if. The following result is known as the Reduction 
Theorem ([29], [33], [IS Theorem 5.1]): 

Theorem 3.2. Let (M, cj,$) be a Hamiltonian pre-symplectic K-manifold. Suppose that the level 
set <J> -1 (0) is a smooth manifold on which K acts freely. Let i : ( I ) ~ 1 (0) ^ M be the inclusion and 
7r : $~ 1 (0) — > M//K the projection. Then there exists a unique closed form oj tc< ± on the smooth 
manifold M//K with the property that i*u = 7r*cj re d- The reduced form u; rcc i is non-degenerate on 
M//K if and only if uj is nondegenerate on M at the points o/ ( I>~ 1 (0). 

Furthermore, if M admits another Hamiltonian K' -action (for some compact Lie group K' ) that 
commutes with the K -action, then (M//K,uj Te< i) has an induced Hamiltonian K' -action. 

When the form uj is symplectic, (M, w, 3>) is simply called a Hamiltonian K-manifold. In this 
case we can drop the condition that <& -1 (0) is smooth from the hypotheses of Theorem 13. 2\ indeed, 
this condition is automatically implied by the assumption that K acts freely on <fr _1 (0). 

3.4. A closed two-form on the extended moduli space. According to [Ml Equation (2.7)], 
the tangent space to the smooth stratum ^/(S') C ./# 9 (S') at some class [A] can be naturally 
identified with 

^ rp yys(y ,, Ker(d A :^-8(£')^(£')®fl) 

where fic(S') denotes the space of p-forms compactly supported in the interior of S', and r2 1,s (S') 
denotes the space of 1-forms A such that A = 9ds near S = <9X' for some 6 G q. 
Define a bilinear form uj on r2 1,0 (X') by 



uj(a, b) = / (a A b), 



where the operation (a, b) — > (a, b) on g-valued forms combines the usual exterior product with the 
inner product on q. Stokes' Theorem implies that uj descends to a bilinear form on the tangent space 
to ./#!(£') described in Equation ([6]) above. Thus we can think of u; as a two- form on ^I(S'). 
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Theorem 3.3 (Huebschmann- Jeffrey). The two-form uj £ Q 2 (^£(E')) is closed. It is nondegener- 
ate when restricted to JV{Tl) C ^# S 9 (S'). Moreover, the restriction of the G 3 ^ -action (UJ) to ^# S S (S') 
is Hamiltonian with respect to uj. Its moment map is the restriction of ^ to ^?£(Yi'). 

For the proof, we refer to Jeffrey [23]; see also |31j . 

By abuse of notation, we henceforth denote the restrictions of <3? still by Theorem 13.31 says 
that (^f£(T,'),uj, <1>) is a Hamiltonian pre-symplectic G ad -manifold in the sense of Section \3.3\ and 
that its subset (jY (E'),u;, is a (symplectic) Hamiltonian G ad -manifold. The symplectic quotient 

^K(S')//G ad = ^(O)/^ = ^T(S) 

is the usual moduli space of flat G-connections on S, with the symplectic form (on its smooth 
stratum) being the one constructed by Atiyah and Bott [3]- If S is given a complex structure, 
./#(£) can also be viewed as the moduli space of semistable bundles of rank two on £ with trivial 
determinant, cf. [35]. 

For an alternate (group-theoretic) description of the form uj on jV(Y/), see [25], [21], or [22]- 
Let us mention two results about the two-form uj. The first is proved in [32]: 

Theorem 3.4 (Meinrenken- Woodward) . {JV (£'), uj) is a monotone symplectic manifold, with 
monotonicity constant 1/4. 

The second result is: 

Lemma 3.5. The cohomology class of the symplectic form uj € 2 ( t /f / (S')) is integral. 

Proof. The extended moduli space ^# (S') embeds in the moduli space ./#(£') of all flat connections 
on The latter is an infinite dimensional Banach manifold with a natural symplectic form that 
restricts to uj on ^£(T,'). Moreover, Donaldson [Tl] showed that ^#(S') has the structure of a 
Hamiltonian LG-manifold, where LG = Map(5' 1 , G) is the loop group of G. 

Recall that a pre-quantum line bundle E for a symplectic manifold (M, uj) is a Hermitian line 
bundle equipped with an invariant connection V whose curvature is — 2iri times the symplectic 
form. If M is finite dimensional, this implies that [uj] = c±(E) G H 2 (M;Z). In our situation, 
a pre-quantum line bundle on M = c/K(S') can be obtained by restricting the well-known LG- 
equivariant pre-quantum line bundle on the infinite-dimensional symplectic manifold ^#(S'). We 
refer the reader to [3l] , [H] and [55] for the construction of the latter; see also [31] . □ 

Corollary 3.6. The minimal Chern number of the symplectic manifold ^(T,') is a positive multiple 
of A. 

Proof. Use Theorem 13.41 and Lemma 13.51 □ 

3.5. Other versions. Although our main interest lies in the extended moduli space ^# S (S') and 
its open subset JY(Y1\ in order to understand them better we need to introduce two other moduli 
spaces. Both of them appeared in [21], where their main properties are spelled out. An alternative 
viewpoint on them is given in |31[ Section 3.4.2], where they are interpreted as cross-sections of the 
full moduli space ^#(S'). 

The first auxiliary space that we consider is the toroidal extended moduli space: 

Jt\Y!) = $- x (t) c Ji\Y!). 

It has a smooth stratum 

„<(£') = {xe Jf\Y>') I 4>(x) Z}. 

The restrictions of uj and $ to ^#*(S') turn it into a Hamiltonian pre-symplectic T ad -manifold. On 
the open subset ^ i (Ya l ) n $ _1 (0, 1/2), the two-form is nondegenerate. 
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The second space is the twisted extended moduli space from [241 Section 5.3]. In terms of coor- 
dinates, it is 

h 

Jil{T!) = {(A 1 ,B 1 ,...,A h ,B h ,9)eG 2h xg\l[[Ai,B i ] = - exp(2^)}. 

i=i 

This space admits a G ad -action just like ^# S (E'), and a natural projection $tw : ~* 8- Set 
^tw = Q ° $tw The smooth stratum of ^® W (Y,') is 



< s (s') = {xe<(E') | ^{ X )^z+ 1 -}. 



Furthermore, ^# t ^ vs (S / ) admits a natural two-form w tw , which turns it into a Hamiltonian pre- 
symplectic G ad -manifold, with moment map $tw The restriction of wtw to the subspace 

^ W (S') = ^([0,1/2)) 

is nondegenerate. 

Observe that the subspace $tw (t) C ^^.(E') can be identified with the toroidal extended moduli 
space ^# t (S / ), via the map (Ai,Bi,t) — > (Ai, B^\j1 — t). This map is a diffeomorphism of the 
smooth strata, and is compatible with the restrictions of the pre-symplectic forms uj and u tw . 

3.6. The structure of degeneracies of ^# S 9 (S'). Recall from Theorem 13.31 that the degeneracy 
locus of the pre-symplectic manifold ^# S 9 (S') is contained in the preimage $- 1 (l/2). We seek to 
understand the structure of the degeneracies. 

Let \x = diag(i/2, — i/2). Note that the stabilizer G ad of exp(27r/i) = —I is bigger than the 
stabilizer T ad = S 1 of \i. Thus, we have an obvious diffeomorphism 

where denotes the coadjoint orbit of [i. The first factor is diffeomorphic to the flag variety 
G ad /T ad ^ P 1 . The second factor is smooth by Proposition O (b). 

There is a residual T ad -action on the space <l? -1 (/i). Thus <J > ~ 1 (/i) is an S^-bundle over 



ad 



Finally, ..-^(E') is a P 1 -bundle over 



_ 7 (E') = {(Ai, Bi,...,4 B h ) e G 2h | B i] = ~l}/G ad . 



i=l 



This last space ^#_/(E') can be identified with the moduli space ^t w (E) of projectively flat 
connections on £ with fixed central curvature, where £ is a C/(2)-bundle of odd degree over the 
closed surface E = E' U D 2 . Alternatively, it is the moduli space of rank two stable bundles on 
E having fixed determinant of odd degree, cf. [35], [3]. It can also be viewed as the symplectic 
quotient of the twisted extended moduli space from Section 13.51 

^tw(S) = ^ w (S')//G ad = $^ 1 (0)/G ad . 

We have described a string of fibrations that gives a clue to the structure of the space <E> -1 (l/2). 
Let us now reshuffle these fibrations and view $ _1 (l/2) as a G ad -bundle over the space x 
*/#_/(E'). Its fiberwise tangent space (at any point) is q, which can be decomposed as t© t -1 -, with 
t- 1 ^ C. 

Proposition 3.7. Let x G <£ -1 (l/2) C ^# S (E'). The null space of the form uj at x consists of the 
fiber directions corresponding to t 1 - C g. 
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Proof. Our strategy for proving Proposition 13.71 is to reduce it to a similar statement for the 
toroidal extended moduli space and then study the latter via its embedding into the 

twisted extended moduli space ^#^,(E'). 

First, note that by G ad -invariance, we can assume without loss of generality that = [i. The 
symplectic cross-section theorem pjj] says that, near <E» -1 (//), the two-form on ^# 3 (S') is obtained 
from the one on ^# t (E / ) = ^ _1 (t) by a procedure called symplectic induction. (Strictly speak- 
ing, symplectic induction is described in |19j for nondegenerate forms; however, it applies to the 
Hamiltonian pre-symplectic case as well.) More concretely, we have a (noncanonical) decomposition 

(7) t x j(*(y!) = t x j(\y!) © r M (e> M ) © r;(eg, 

such that oj\ x is the direct sum of its restriction to the first summand in (JTJ with the natural pairing 
between the other two summands. 

Recall that we are viewing "J -1 (1/2) as a G-bundle over x ./#_/(£'). Its intersection with 
is which is the part of the G ad -bundle that lies over {//} x ^#_/(E'). The decom- 

position (|7|) implies that, in order to prove the final claim about the null space of lj\ x , it suffices to 
show that the null space of ojI^us 1 ) at x consists of the fiber directions corresponding to t -1 C 0. 

Let us use the observation in the last paragraph of Section \3.5\ and view ^# t (S') as <&j^(t) C 
^^(S'). The point x now lies in $^(0). 

Recall from Section 1331 that the two-form w tw on ^# t ^(E') is nondegenerate near (0). Further, 
it is easy to check that the action of G ad on <&j^(0) is free. This action is Hamiltonian; hence, 
the quotient $^(0)/G ad = is smooth, and the reduced two- form on it is nondegenerate. 

Further, there is a (noncanonical) decomposition: 

(8) T X JZI(Y,') *± v*T Ax) Jl^{Y!) © © 5 *, 

where ir : $^(0) — > ./#_/(£') is the quotient map. (See for example Equation (5.6) in [IE].) The 
two-form ojt w at x is the direct summand of the reduced form at ir(x) and the natural pairing of 
the two last factors in (jSJ). 

With respect to the decomposition (J8]), the subspace T X ^C (H') C T X ^® W (Y,') corresponds to 

T X J(\Y!) ^ ^T^JC-i^l) © fl © t*. 

Therefore, the null space of wtw on r ;E ^# t (S / ) is the null space of the restriction of the natural 
pairing on © 0* to © t*. This is g/i = t -1 , as claimed. □ 

4. Symplectic cutting 

4.1. Abelian symplectic cutting. We review here Lerman's definition of (abelian) symplectic 
cutting, following [28] . 

Consider a symplectic manifold (M, uj) with a Hamiltonian S^-action and moment map <1> : M — > 
R. Pick some A € R. The diagonal S 1 -action on the space M x C~ (endowed with the standard 
product symplectic structure, where C~ is C with negative the usual area form) is Hamiltonian 
with respect to the moment map 

$ : M X C" -> R, *(m, z) = $(m) + ^\z\ 2 - A. 

The symplectic quotient 

M< A := y^^/S 1 ^^ 1 (A)/5 1 U$" 1 (-oo,A) 

is called the symplectic cut of M at A. If the action of S 1 on $ _1 (A) is free, then M<\ is a symplectic 
manifold, and it contains $>~ 1 (\)/S 1 (with its reduced form) as a symplectic hypersurface, i.e. a 
symplectic submanifold of real codimension two. 
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Remark 4.1. The normal bundle to <1> 1 (A)/5 1 in M<\ is the complex line bundle whose associated 
circle bundle is $ _1 (A) -> ^~ 1 (X)/S 1 . 

Remark 4.2. Symplectic cutting is a local construction. In particular, if (M,u) is symplectic and 
$ : M — > K is a continuous map that induces a smooth Hamiltonian <S 1 -action on an open set 
IA <Z M containing <I> _1 (A), then we can still define M<\ as the union (M \ U) L)U<\. 

Remark 4.3. If M has an additional Hamiltonian .fT-action (for some other compact group K), then 
M<\ has an induced Hamiltonian i^-action. This follows from the similar statement for symplectic 
reduction, cf. Theorem! 



4.2. Non-abelian symplectic cutting. An analog of symplectic cutting for non-abelian Hamil- 
tonian actions was defined in |56j. We explain here the case of Hamiltonian P5C/(2)-actions, since 
this is all we need for our purposes. 

We keep the notation from SectionEH with G = SU{2) and G ad = PSU{2). Let (M, u, $) be a 
Hamiltonian G ad -manifold. Since g and g* are identified using the bilinear form, from now on we 
will view the moment map $ as taking values in g. Recall that 

Q : g g/G ad [0, oo) 

denotes the adjoint quotient map. The map Q is continuous, and is smooth outside Q _1 (0). Set 

On the complement U of <& -1 (0) in M, the map $ induces a Hamiltonian S^-action. Explicitly, 

u € S 1 = R/2itZ acts on m G U by 

/ $(m) \ 

(9) m — >• exp u ■ — • m. 

V ' V 2*(m)/ 

This action is well-defined because exp(7rff) = / in G ad . We can describe the action alternatively 
as follows: on $ _1 (t) C M, it coincides with the action of T ad C G ad ; then it is extended to all of 
M in a G ad -equi variant manner. 

Fix A > 0. Using the local version (from Remark l4.2p of abelian symplectic cutting for the action 
(j9j), we define the non-abelian symplectic cut of M at A to be 

M< A = $-\0)\JU< x = M <x U R, 

where 

M <A = $r 1 ([0,A)), Rx = $~ 1 (\)/S 1 . 
If S 1 acts freely on 4> _1 ( A ) 5 then M <\ 

is a smooth manifold. It can be naturally equipped with 
a symplectic form coming from the symplectic form co on M. In fact, M<\ is a Hamiltonian 
G ad -manifold, cf. Remark 14.31 With respect to the form w<a, R is a symplectic hypersurface in 
M< x . 

4.3. Monotonicity. Let G ad = PSU{2) as before. We aim to find a condition that guarantees 
that a non-abelian symplectic cut is monotone. As a toy model for future results, we start with a 
simple fact about symplectic reduction: 

Lemma 4.4. Let (M, w,<&) be a Hamiltonian G ad -manifold that is monotone, with monotonicity 
constant k. Assume that the moment map $ is proper, and the G ad -action on $~ 1 (0) is free. 
Then, the symplectic quotient M//G ad = $ _1 (0)/G ad (with the reduced symplectic form uj vcA ) is 
also monotone, with the same monotonicity constant k. 
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Proof. Consider the Kirwan map from |26j : 

t2 c\,t. Tn>\ . ttIi T,<r iiriaA 



H^ d (M;R)^ H\M//G a 

which is obtained by composing the map H^ d (M;R) ->■ i?2 ad ($-i(o);]R) (induced by the inclusion) 
with the Cartan isomorphism iJ^ ad ($ _1 (0); R) = H 2 (M//G &A ; R). The Kirwan map takes the first 
equivariant Chern class cf ad (TM) to ci(T(M//G ad )), and the equivariant two-form cl> = cj — <5 to 



w red . 



Note that H^BG^; R) = for i = 1, 2, hence H^ d (M; R) H 2 (M; R). Under this isomorphism, 
dp corresponds to ci and [w] to [w], so the conclusion follows. □ 

For A 6 (0, oo), let O x = P 1 be the coadjoint orbit of diag(iA, — iX), endowed with the Kostant- 
Kirillov-Souriau form ojkks(^)- ^ has a Hamiltonian G ad -action with moment map the inclusion 
t : O x -> 0. Let 7 = P.D.(pt) denote the generator of H 2 (O x ; Z) C if 2 (C A ;R), so that ci(O a ) = 2 7- 
Then ci(0 A ) = [ojKKsiX)]-, cf. Section 7.5, Section 7.6]. Therefore, [wxxs^A)] = 2A7. 

If (M,LJ,$>) is a Hamiltonian G ad -manifold, let M x O x ~ denote the Hamiltonian manifold 
(M x Ca 5 w x — ukksWi*& ~ L )- The reduction of M with respect to 0\ is defined as 

M\ = (M x A -)//G ad = ^(OaVG^. 

If the G ad -action on &~ 1 (0\) is free, the quotient M\ is smooth and admits a natural symplectic 
form uj\. It can be viewed as $ _1 (diag(iA, — zA))/T ad . We let E'a denote the complex line bundle 
on M\ associated to the respective T ad -fibration. 

Lemma 4.5. Let (M,u, <!>) be a Hamiltonian G ad -manifold such that the moment map $ is proper, 
and the action of G ad is free outside < I ) ~ 1 (0). Assume that M is monotone, with monotonicity 
constant k. Then the cohomology class of the reduced form u\ is given by the formula 

[u> x ] = k ■ c x {TM x ) + (A - k) ■ a(E x ). 

Proof. Let us consider the Kirwan map for the manifold M x 0\~ , whose symplectic reduction is 
M\. Since H 2 = H^ d for all Hamiltonian G ad -manifolds, we can view the Kirwan map as going 
from H 2 (M x C A ~;R) into H 2 (M X ;R). 

By abuse of notation, we denote classes in H 2 (M;R) or H 2 (O x ~;R) the same as their pullbacks 
to H 2 (M x C A ~;R). 

Just as in the proof of Lemma 14.41 we get that the Kirwan map takes [uj] — [ujkksW] = 
kci(TM) - 2A7 to the reduced form [u x ], and ct(TM) - ci{TO x ) = ci(TM) - 27 to the reduced 
Chern class ci(TM x ). Note also that the image of c\{TO x ~) = —27 under the Kirwan map is 
c\{E x ). Hence: 

[oj x \ - k ■ c\{TM x ) = (A - k) ■ c 1 (E x ), 
as desired. □ 

We are now ready to study monotonicity for non-abelian cuts: 

Proposition 4.6. Let G ad = PSU(2), and (M,oj, $) be a Hamiltonian G ad -manifold that is mono- 
tone with monotonicity constant k > 0. Assume that the moment map <3? is proper, and that G ad 
acts freely outside $ _1 (0). Then the symplectic cut M< A at the value A = 2k £ (0, 00) is also 
monotone, with the same monotonicity constant k. 

Proof. Recall that the symplectic cut M< A is the union of the open piece M <x and the hypersurface 
R x = <I> _1 ((9 A )/ S 1 . Note that there is a natural symplectomorphism 

(10) R x O x x M x , m ->• ($(m), [m]). 

The inverse to this symplectomorphism is given by the map ([g], [m]) — > [gm]. 
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By Remark l4.1[ the normal bundle to R\ is the line bundle associated to the defining T ad -bundle 
on R x . We denote this T ad -bundle by N x ; it is the product of G ad -> G ad /T ad £S O x on the O x 
factor and the circle bundle of E x on the M x factor. 

Let v{R x ) be a regular neighborhood of R x , so that the intersection M <x n v(R x ) admits a 
deformation retract into a copy of N x . 

We have a Mayer- Vietoris sequence 

■ ■ ■ -> ii' 1 (M <A ) © H\u(R x )) -> ^(JVa) ->• # 2 (M< A ) -> H 2 (M <A ) © H 2 {v{R x )) -»-... 

Note that the first Chern class of the bundle iV A — > i? A is nontorsion in H 2 (R X ), because it is 
so on the A factor. Hence, the map if 1 (z/(i? A );]R) fl^AT^R) is onto. The Mayer- Vietoris 
sequence then tells us that the map 

H 2 {M< X - R) -> ff 2 (M <A ; K) © iT 2 (i/(i? A ); R) 

is injective. Therefore, in order to check the monotonicity of M< A , it suffices to check it on M <x 
and v{R x ). 

Since M <x is symplectomorphic to a subset of M, by assumption monotonicity is satisfied there. 
Let us check it on v{R x ) or, equivalently, on its deformation retract R x . We will use the symplec- 
tomorphism (|1U|) and, by abuse of notation, we will denote the objects on O x or M x the same as 
we denote their pullback to R x . Let 7 be the generator of H 2 (O x ; Z) as in the proof of Lemma [4"31 
By the result of that lemma, we have 

(11) [u<\\r x ] = 2A 7 + k Ci (TM x ) + (A - k)ci(£ a ). 

On the other hand, the tangent space to M< A at a point of R x decomposes into the tangent and 
normal bundles to R x . Therefore, 

c x (TM<x\r x ) = cx(TR x ) + 2 7 + Cl (E x ) = 4 7 + aiTMx) + c x (E x ). 

Taking into account Equation pT|) . for A = 2k we conclude that [w<a|rJ = k- ci(TM< x \r x )- □ 

4.4. Extensions to pre-symplectic manifolds. Abelian and non-abelian cutting are simply 
particular instances of symplectic reduction. Since the latter can be extended to the pre-symplectic 
setting, one can also define abelian and non-abelian cutting for Hamiltonian pre-symplectic mani- 
folds. 

In general, one cannot define c\{TM) (and the notion of monotonicity) for pre-symplectic mani- 
folds, because there is no good notion of compatible almost complex structure. In order to fix that, 
we introduce the following: 

Definition 4.7. An e-symplectic manifold (M, {a;^}) is a smooth manifold M together with a 
smooth family of closed two-forms ojt € Q 2 (M), t € [0, e] for some e > 0, such that ujt is symplectic 
for all t € (0,e]. 

One should think of an e-symplectic manifold (M, {u>t}) as the pre-symplectic manifold (M, uo) 
together with some additional data given by the other Ut's. In particular, by the degeneracy locus 
of (M, {cut}) we mean the degeneracy locus of u>q, i.e. 

R(uo) = {m € M I wo is degenerate on T m M}. 

If (M, {cut}) is any e-symplectic manifold, we can define its first Chern class c±(TM) G H 2 (M; Z) 
by giving TM an almost complex structure compatible with some ut for t > 0. (Note that the 
resulting c\(TM) does not depend on t.) We can then define the minimal Chern number of an 
e-symplectic manifold just as we did for symplectic manifolds. Moreover, we can talk about mono- 
tonicity: 
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Definition 4.8. The e-symplectic manifold (M, {wt}) is called monotone (with monotonicity con- 
stant k > 0) if 

[u ] = k-c 1 (TM). 

One source of e-symplectic manifolds is symplectic reduction. Indeed, suppose we have a Hamil- 
tonian pre-symplectic S -manifold (M, oj, <3?) with the moment map $ : M — > R being proper. The 
form cj may have some degeneracies on <I> -1 (0); however, we assume that it is nondegenerate on 
<£ _1 ((0, e]) for some e > 0. Assume also that S 1 acts freely on $ _1 ([0, e]) (hence any t G (0, e] is a 
regular value for $) and, further, is a regular value for $ as well. Then the pre-symplectic quotients 
Mt = Q~ 1 (t)/S 1 for t G [0, e] form a smooth fib-ration over the interval [0, e]. By choosing a connec- 
tion for this fiber bundle, we can find a smooth family of diffeomorphisms <j>t : Mq — > Mt, t G [0, e], 
with (J)q = idMo- We can then put a structure of e-symplectic manifold on Mq by using the forms 
4>t u t, t G [0, e], where cat is the reduced form on M t . Note that the space of choices involved in this 
construction (i.e. connections) is contractible. Therefore, whether or not (Mo,0fWt) is monotone 
is independent of these choices. 

Since abelian and non-abelian cutting are instances of (pre-) symplectic reduction, one can also 
turn pre-symplectic cuts into e-symplectic manifolds in an essentially canonical way, provided that 
the form is nondegenerate on the nearby cuts. (By "nearby" we implicitly assume that we have 
chosen a preferred side for approximating the cut value: either from above or from below.) In this 
context, we have the following analog of Proposition 14.61 

Proposition 4.9. Let G ad = PSU (2), and (M, oj, $) be a Hamiltonian pre-symplectic G ad -manifold. 
Set <3? = Q o <I> : M —¥ [0, oo) as usual. Assume that: 

• The moment map $ is proper; 

• The form uj is nondegenerate on the open susbet M < \ = $ _1 ([0,A)), for some value A G 
(0,oo); 

• G ad acts freely on <3> -1 ((0, A]) (hence, any t G (0, A) is a regular value for 

• A is also a regular value for 

• As a symplectic manifold, M < \ is monotone, with monotonicity constant n = A/2. 

Fix some e G (0, A) and view the pre-symplectic cut M<\ as an e-symplectic manifold, with respect 
to forms 4>tU}<\-t, for a smooth family of diffeomorphisms <f> t '■ M<\ — > M<\-t, t G [0, e], <po = id. 
Then, M<\ is monotone, with the same monotonicity constant k = A/2. 

Proof. We can run the same arguments as in the proof of Proposition 14. 6| as long as we apply them 
to the Hamiltonian manifold M < \, where u is nondegenerate. This gives us the corresponding 
formulae for the cohomology classes [u?<a— t] and c\{TM<x—t)i f° r t £ (0> e )- 111 t ne limit t — > 0, we 
get monotonicity. □ 

4.5. Cutting the extended moduli space. Recall from Section ET41 that the smooth part 

of the extended moduli space is a Hamiltonian pre-symplectic G ad -manifold. Let us consider its 

non-abelian cut at the value A = 1/2: 

^ c (S') = ^(S / )< 1/2 . 

The notation t yf c (S') indicates that this space is a compactification of ,yV(Y>') = ^# s (S') <1 / 2 - 
Indeed, we have 

^ C (Y!) = ^K(E') U R, 

where 

h 

(12) R^{(A 1 ,B 1 ,...,A h ,B h ,9)eG 2h xg | JJ[A is B t ] = exp(27r#) = -l)/S\ 

i=l 

Here u G S 1 = IR/27rZ acts by conjugating each Ai and Bi by exp(u9), and preserving 0. 
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The G ad -action on $ _1 ((0, 1/2]) C ^I(S') is free. Since u is nondegenerate on <3> 1 ((0, 1/2]) 
by Theorem 13. '6\ this implies that any 9 G q with Q(9) G (0,1/2] is a regular value for <£. The 
last statement also follows from Proposition 13.11 (b), which further says that the values 9 G with 
= 1/2 are also regular. Hence, any t G (0,1/2] is a regular value for <£. Lastly, note that 
Theorem 13.41 savs that $ _1 ([0, 1/2)) is monotone, with monotonicity constant k = 1/4 = A/2. We 
conclude that the hypotheses of Proposition 14.91 are satisfied. We obtain: 

Proposition 4.10. Fix e G (0, 1/2). Endow t /K°(S / ) with the structure of an e-symplectic manifold, 
using the forms <ftt 0J <i/2-ti coming from a smooth family of diffeomorphisms 

<k : ^ C (S') = M< 1/2 -> Af< 1/2 _ t , t G [0, e], ^ = id- 

Then, t yf /c (S / ) zs monotone with monotonicity cosntant 1/4. 

Thus, we have succeeded in compactifying the symplectic manifold jV{T!) while preserving 
monotonicity. The downside is that c yV c (T,') is only pre-symplectic. The resulting two-form has 
degeneracies on R. Their structure can be immediately deduced from Proposition 13. 7t 

Lemma 4.11. Let us view R as a P 1 -bundle over the space x ^#_/(S'). Then, at any point in 
R, the null space of the form u)<i/2 consists of the fiber directions. 

In a family of forms that make t /( /c (E / ) into an e-symplectic manifold (as in Proposition 14.10]) . 
the degenerate form w<i/2 always corresponds to t = 0. From now on we will denote it by ojq. 

Proposition 4.12. In addition to the degenerate form uq coming from the cut, the space JV C (Y1) = 
(E') U R also admits a symplectic form u) t with the following properties: 

(i) R is a symplectic hypersurface with respect to u e ; 

(ii) The restrictions of loq and uj € to ^(E') have the same cohomology class in i7 2 ( t /) / (E / ); R); 

(iii) The forms coq andui e themselves coincide on the open subset VV = Q^ 1 ([0,1/ '4)) C jV(Y>')\ 

(iv) There exists an almost complex structure J on jV c (YJ') that is compatible with respect to 
uj e on ,yi /c (T,'), and compatible with respect to ojq on ^ (E'). 

Proof. As the name suggests, the form cj £ will be part of a family (uit),t G [0,e] of the type used 
to turn c/K c (E') into an e-symplectic manifold. In fact, it is easy to find such a form that satisfies 
conditions (i)-(iii) above. One needs to choose e < 1/4 and a smooth family of diffeomorphisms 
(fit '■ c/K c (E') = M<!/2 — > M<]/2_t, t G [0,e], 4>o = such that <fi t = id on W and <j>t takes R 
to R\/2-t = ^ > ~ 1 (l/2 — t)/S^\ then set io e = <^>*wo- Note that condition (ii) is automatic from (iii), 
because W is a deformation retract of .yV(T,'). 

However, in order to make sure that condition (iv) is satisfied, more care is needed in choosing 
the diffeomorphisms above. We will only construct <j) = (f> e , since this is all we need for our purposes; 
however, it will be easy to see that one could interpolate between cfi and the identity. 

The strategy for constructing (j> and J is the same as in the proofs of Proposition 13.71 and 
Lemma 14.111 we construct a diffeomorphism and an almost complex structure on the toroidal 
extended moduli space ^# l (E'), by looking at it as a subset of the twisted extended moduli space 
^#^.(E'); then, we lift them to ^# (E'); finally, we show that they descend to the cut. 

Let (i = diag(i/2, —i/2) as in Section [3.61 We start by carefully examining the restriction of the 
form u to ^# t (E / ), in a neighborhood of 3> -1 (//). By the remark at the end of Section [3.51 this is 
the same as looking at the restriction of cj tw to (t* ) in a neighborhood of (0) . 

The zero set Z of the moment map $tw on (the smooth, symplectic part of) ^# t ^(E') is a 
coisotropic submanifold. Let wtw.o be the reduced form on Z/G ad = ^lj(E'). Pick a connection 
form a G Q 1 (Z) (g) fj for the G ad -action on Z. By the equivariant coisotropic embedding theorem 
\19\ Proposition 39.2], we can find a G ad -equivariant diffeomorphism between a neighborhood of 
Z = (0) in ^^(E') and a neighborhood of Z x {0} in Z x g* such that the form oot w looks like 

Wtw = TTl^tw.O + d(a, 7T2), 
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where tt\ : Z x g —> Z — > Z/G ad and 7T2 : Z x g* — > g* are projections. We can assume that TT2 
corresponds to the moment map. 

Restricting this diffeomorphism to $^(t*), we obtain a local model Z x t* for that space. This 
implies that, locally near Z = Z x {0}, we get a decomposition of its tangent spaces into several 
(nontrivial) bundles 

(13) T($- W 1 (t*)) T{z/s l ) © g © t* = ror_ 7 (£')) © t x © (t © t*). 

(We omitted the pull-back symbols from notation for simplicity.) 

The restriction of wtw to $^(t*) is nondegenerate in the horizontal directions T./#_/(S') as well 
as on t © t*. Let us compute it on the subbundle t 1 - C g. For a point x with & tw (x) =tfi €t*, and 
for 6, 6 G t X C T^-Ja*), we have 

(14) wtw(£i,fc) = (da(6,6),^) = &U>- 

Thus the restriction of the form to t 1 - is nondegenerate as long as t ^ 0. (For t = 0, we already 
knew that it was degenerate from the proof of Proposition 13.71 ) 

We construct a G ad -equivariant almost complex structure J in a neighborhood of Z in 3>^(t*), 
such that J is split with respect to the decomposition (|13f) . and compatible with wtw "as much 
as possible." More precisely, we choose G ad -equivariant complex structures J\, J3 on each of the 
subbundles T(^#_/(S')) and t © t* that are compatible with respect to the restriction of cj tw on 
the respective subbundle. We also choose a G ad -equivariant complex structure J2 on I 1 - that is 
compatible with respect to the form a given by 

a(£i,6) = -([6,6U)- 

By Equation (fbi|) . we have w tw = ta/2 on t -1 ; hence, J2 is compatible with respect to uj tw away 
from t = 0. We then let J = J\ © J2 © J3 be the almost complex structure on $^(t*) near Z. 

Choose e € (0, 1/8) sufficiently small, so that Z x (— 3e, 3e) is part of the local model for <&^(t*) 
described above. Pick a smooth function / : R — > R with the following properties: 

• fit) = t + e for t in a neighborhood of 0; 

• f (t) = t for |t| > 2e; 

• /'(£) > everywhere. 

This induces a G ad -equivariant self-diffeomorphism of the open subset Z x (-3e,3e) C $^(t*), 
given by (z,t) —> (z,f(t)). Note that this diffeomorphism preserves J, is the identity near the 
boundary, and takes Z x [0, 2e) to Z x [e, 2e). 

Now let us look at the constructions above in light of the identification between $^(t*) and 
^t(E') = $ _1 (t) C ^# S (S'). We have obtained a local model Z x (-3e,3e) for the neighbor- 
hood N = 3> _1 (— 3e/j,, 3e//) of $ _1 (^x) in ^# i (S / ), an almost complex structure on N, and a self- 
diffeomorphism of N. 

The symplectic cross-section theorem |19j says that locally near 3> -1 (l/2), the extended moduli 
space ^# 9 (S') looks like G ^# l (S'). Thus, we can lift the local model for 1 ^ t (S / ) and obtain a 
G ad -equivariant local model (G Z) x (— 3e,3e) for ^# 9 (S'). Projection onto the second factor 
corresponds to the map 1/2 — <&. Further, locally we can decompose the tangent bundle to ^# S (S') 
into three subbundles, cf. Equation ( [7]) . The form uj is nondegenerate when restricted to the direct 
sum r M (C M ) © T*{Ofj). Let us choose a G ad -equivariant complex structure on this subbundle that 
is compatible with the restriction of u there. By combining it with J, we obtain an equivariant 
almost complex structure J on 

N = $>~\l/2 - 3e, 1/2 + 3e) C ^ s (£'). 

We can also lift the self-diffeomorphism of N C ^# (£') to N = G N in an equivariant 
manner. Since this self-diffeomorphism is the identity near the boundary, we can extend it by the 



FLOER HOMOLOGY ON THE EXTENDED MODULI SPACE 



21 



identity to all of (£')• The result is a G ad -equivariant diffeomorphism 

that preserves J on AT, takes $ _1 (l/2) to l>' 1 (l/2 - e), and is the identity on $ _1 ([0, 1/2 - 2e)). 
This diffeomorphism descends to one between the corresponding cut spaces: 

<^ : ^ c (£') = ^j>(£')<i/2 ^/(S')<i/2- e . 

We set 

w e = 0*((wo)<i/2-e)- 

Note that c^o and w e coincide on the subset $ _1 ([0, 1/2 — 2e)). Since we chose 2e < 1/4, the latter 
subset contains W = $ -1 ([0, 1/4)). 

The almost complex structure J on N descend to the cut N<i/2 as well. Indeed, if t C TN 
denotes the line bundle in the direction of the T ad -action used for cutting, by construction we have 
Jtn T(«i >_1 (l/2)) = 0. Since J is G ad -invariant, it is easy to see that it induces an almost complex 
structure (still denoted J) on the cut N<i/2- We extend J to 3> -1 ([0, 1/2 — 2e)) by choosing it to be 
compatible with ujq = oj e there. The resulting J and u e satisfy the required conditions (i)-(iv). □ 

Remark 4.13. There were several choices made in the construction of u e and J in Proposition 14.12] 
the connection a, the structures Ji,J2,J3, the function /, etc. The space of all these choices is 
contractible. 

5. SYMPLECTIC INSTANTON HOMOLOGY 

5.1. Lagrangians from handlebodies. Let H be a handlebody of genus h > 1 whose boundary 
is the compact Riemann surface £. We view £' and £ as subsets of H, with £' = £ \ D 2 . 

Let g/ s (Y,'\H) C .g/ 9 (E / ) be the subspace of connections that extend to flat connections on the 
trivial G-bundle over H. Consider also &/(H), the space of flat connections on H, which is acted 
on by the based gauge group &o(H) = {/ : H — > G\f(z) = I}. Since vri(G) = 1 and £' has the 
homotopy type of a wedge of spheres, every map £' — > G must be nullhomotopic. This implies that 
£^ c (£') preserves g/ s (Y,'\H) and, furthermore, the natural map 

(15) srf{H)/%{H) — > sf*(J?\H)/9 c (T!) 

is a diffeomorphism. 
Set 

L(H) = stf{H)/%{H) ^»(E'|fi)/^ c (S') C ^ B (E') = ^ fl (£')/Sf c (£')- 
The left hand side of (j!5|) is the moduli space of flat connections on H. After choosing a set of 
h simple closed curves a±, . . . ,a% on H whose classes generate wi(H), the space £/(H)/&(H) can 
be identified with the space of homomorphisms tt\{H) — > G or, alternatively, with the Cartesian 
product G h . 

In fact, if the curves a\, . . . , ah are the same as the ones chosen on £' for the identification ([3]), 
so that the remaining curves /3j are nullhomotopic in H, then with respect to the identification ((5j) 
we have 

(16) L(H) * {(A 1 ,B 1 , • • • , A h , B h ) e G 2h \ B t = I, i = 1, . . . , h} c JV (£')■ 

Let us now view L{H) as c 2/ 9 (E'|i/)/^' c (E / ) via ()15|) . Note that connections ^4 that extend to 
in particular extend to E, which means that the value 9 £ such that A\g = Ods is zero. In other 
words, L{H) lies in * _1 (0) C Jf(Yl). 

Lemma 5.1. With respect to the Huebschmann- Jeffrey symplectic form uj from Section \3.4\ L{H) 
is a Lagrangian submanifold of ^V(T,'). 
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Proof. Let A be a flat connection on H and A its restriction to £'. With respect to the description 
(j6j) of TMic/f (£'), the tangent space to L(H) at A consists of equivalence classes of d^-closed forms 
a G r2 1,0 (Xy) which extend to d^-closed forms a € <g> g. Let a, b be two such forms and a,b 

their extensions to H. We have a\s = b\s = 0. Furthermore, by the Poincare lemma for connections, 
on the disk D 2 which is the complement of £' in £ there exists A € Q°(D 2 ; q) such that d^A = a\ D 2. 
By Stokes' Theorem, 

/ ( a A b) = [ (A A b) = 0. 

Jd 2 Js 

Another application of Stokes' Theorem gives 

/ ( a A b) = / (5 A b) = / (d A {a A b)) = 0. 

This shows that oj vanishes on the tangent space to L(H) = G h , which is half-dimensional. □ 

5.2. Symplectic instanton homology. Let Y = Hq U Hi be a Heegaard decomposition of a 
three-manifold Y, where Hq and Hi are handlebodies of genus h, with 8Hq = —dH\ = S. Let 
Lq = L{Hq) and L\ = L(Hi) C jViTi 1 ) be the Lagrangians associated to Hq resp. Hi, as in 
Section [5.11 View as an open subset of the compactified space t /K c (S / ), as in Section [4.5| 
with R being its complement. 

In Section [4.51 we gave jV c (Yl} the structure of an e-symplectic manifold. By Corollary 14.114 its 
degeneracy locus is exactly R. Using the variant of Floer homology described in Section 12.31 and 
letting ujq , uo t , J be as in Proposition 14.121 we define 

H5/(S'; H , Hi) = HF(L , L 1; J; R). 

In order to make sure the Floer homology is well-defined, we should check that Assumptions 12.11 
(i)-(ix) are satisfied. Indeed, (i), (ii), (hi), (v), (vi), and (x) are subsumed in Proposition 14. 121 (iv), 
(vii), and (ix) follow from Proposition 14. 10] Lemma 15. II and Corollary 13.61 respectively. For (viii), 
the Lagrangians are simply connected and spin because they are diffeomorphic to G h . Corollary 13.61 
also implies that the Floer groups admit a relative Z/8Z-grading. 

A priori the Floer homology depends on J; compare Remark 12.141 However, the set of choices 
used in our construction of J is contractible, cf. Remark 14.131 Therefore, the corresponding Floer 
homology groups are canonically isomorphic. 

5.3. Dependence on the base point. Recall that the surface £' is obtained from a closed 
surface £ by deleting a disk around some base point z € £. Let zq,z\ £ £ be two choices of 
base point, and £ ,£'i the corresponding surfaces with boundary. A choice of path 7 : [0,1] — >• 
£, j 1 y Zj,j = 0,1 induces an identification of fundamental groups 7Ti(£,zo) —> 7r i(£ 5 2 ; i)) an d 
equivariant pre-symplectomorphisms T 7 : ^V C (Y,' ) — > t /K c (£' 1 ) preserving the cut locus R. The 
pullbacks of the form uj e and the almost complex structure J from Proposition 14.121 (applied to 
c/f /c (£' 1 )) can act as the corresponding form and almost complex structure in Proposition 14.121 
applied to t yf /c (£ ). Moreover, if Ho, Hi are handlebodies, the symplectomorphism T 7 preserves 
the corresponding Lagrangians Lq,L\, since the vanishing holonomy condition is invariant under 
conjugation by paths. Therefore, the continuation arguments in Floer theory show that T 7 induces 
an isomorphism 

H5/(£ ; H , Hi) -> H5/(£ / 1 ; H , Hi). 

This isomorphism depends only on the homotopy class of 7 relative to its endpoints. We conclude 
that the symplectic instanton homology groups naturally form a flat bundle over £. In particular, 
there is a natural action of 7Ti(£, zq) on HSI(T,' ; Ho, Hi). 

When we only care about the Floer homology group up to isomorphism (not canonical isomor- 
phism), we drop the base point from the notation and write HSI(T,'; Hq, Hi) = HSI(T,; Hq, Hi), 
as in the Introduction. 
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5.4. The Euler characterstic. In general, the Euler characteristic of Lagrangian Floer homology 
is the intersection number of the two Lagrangians. In our situation, the corresponding intersection 
number is computed (up to a sign) in [IJ Proposition 1.1 (a), (b)]: 



(17) x {HSIp;Ho,H 1 )) = [Lo]-[Li] 



5.5. Examples. 




if h(Y) = 0; 
otherwise. 



Proposition 5.2. Let T~Lh denote the Heegaard decomposition S 3 = Hq Us H\ of genus h > 1 such 
that there is a system of 2h curves on , on £' as in Section VS. "A with the property that the 's are 
nullhomotopic in Hq and the ctj 's are nullhomotopic in H\. Then HSI{Tih) — Z. 

Proof. With respect to the identification ©, the Lagrangians corresponding to Hq and Hi are 
given by 

L = {(A 1 ,B 1 ,...,A h ,B h ) eG 2h | Bi = I, i = l,...,h}, 
L 1 = {(A 1 ,B 1 ,...,A h ,B h ) GG 2h \Ai = I, i = l,...,h}. 

These have exactly one intersection point, the reducible Ai = Bi = I. Clearly Lq and L\ intersect 
transversely in jV{TI) C G 2h at that point. It is somewhat counterintuitive that Lq and L\ can 
intersect transversely at /, because they both live in the subspace $ _1 (0) of codimension three in 
<yf (£'). However, that subspace is not smooth, so there is no contradiction. We conclude that the 
Floer chain group has one generator; hence so does the homology. □ 

Proposition 5.3. Let TL' h be the Heegaard splitting of genus h > 1 for the connected sum # h {S l x 

S 2 ), such that Lq = Li. Then HSL*(H' h ;Z/2Z) ^ (H*{S 3 ; Z/2Z))® h , where the grading of the 
latter vector space is collapsed mod 8. 

Proof. Since Lq = L\ = G h = (S 3 ) h , the cohomology ring of Lq is generated by its degree d = 3 
part. Under the monotonicity assumptions which are satisfied in our setting, Oh |37] constructed a 
spectral sequence whose E 1 term is H*{Lq]'L/2'L) and which converges to HF*{Lq, Lq; Z/2Z). This 
sequence is multiplicative by the results of Buhovski |10j and Biran-Cornea [7], [8]. A consequence of 
multiplicativity is that the spectral sequence collapses at the E\ stage provided that Ni > d + 1, cf . 
[SI Theorem 1.2.2]. This is satisfied in our case because iV£ = N > 8. Hence HF*(Lq, Lq; Z/2Z) = 
H*{G h ;Z/2Z). 

Note that the results of Oh, Buhovski and Biran-Cornea were originally formulated for monotone 
symplectic manifolds, i.e. in the setting of Section 12.11 However, they also apply (with minor 
modifications) to the Floer homology groups defined in Section [2.31 

□ 

Proposition 5.4. Denote by TL(p, q) the genus one Heegard splitting of the lens space L{p, q), where 
g. c. d.(p, q) = 1. Then HSL(rl(p, q)) is free abelian of rank p. 

Proof. In terms of the coordinates A = A\ and B = B±, the two Lagrangians are given by Lq = 
{B = 1} and L\ = {A p B~ q = 1}. Their intersection consists of the space of representations 
TTi(L(p,q)) = Z/p — >• SU(2), which has several components: when p is odd, there is the reducible 
point (A = B = L) and (p— l)/2 copies of S 2 ; when p is even, there are two reducibles (A = B = L 
and A = —L, B = L) and (p — 2)/2 copies of S 2 . It is straightforward to check that each component 
is a clean intersection in the sense of Pozniak |42| . Therefore, there exists a spectral sequence that 
starts at H*(Lq PlLi) = IP and converges to HF(Lq, L\), cf. [35] . Since the Euler characteristic of 
HF(Lq, Li) is p by Equation (|17p . the sequence must collapse at the first stage. □ 

Remark 5.5. More generally, whenever we have a Heegaard decomposition Ti of a three-manifold 
Y with H x (y) = 0, the two La grangians Lq and L\ will intersect transversely at the reducible /, 



21 



CIPRIAN MANOLESCU AND CHRISTOPHER WOODWARD 



cf. [U Proposition 1.1(c)]. We could then fix an absolute Z/8Z-grading on HSI{1-L) by requiring 
that the Z summand corresponding to I lies in grading zero. 

6. Further remarks 

6.1. Invariance. We sketch here a potential strategy for proving that the groups HSI(T,'; Hq, H±) 
are invariants of the 3- manifold Y = Hq U H±. Unfortunately, certain technical results needed to 
carry through this program are lacking at the moment. 

The strategy is based on the theory of Lagrangian correspondences in Floer theory, cf . [5l] . We 
start by reviewing this theory. Let Mo, Mi be compact symplectic manifolds. A Lagrangian corre- 
spondence from Mq to Mi is a Lagrangian submanifold Lqi C M q ~ x M\. (The minus superscript 
means considering the same manifold equipped with the negative of the given symplectic form.) 
Given Lagrangian correspondences Lq\ C Mq x M\,L\ 2 C Mj~ x M2, their composition is the 
subset of Mq" x M 2 defined by 

Lqi ° L12 = 7T 2(£oi x Ah L12) 

where ttq2 '■ Mq x M\ x Mf x M2 — > M ~ x M2 is the projection. If the intersection 

L i x Ml L12 = (L i x L 12 ) n (M ~ x A A/l x M 2 ) 

is transverse (hence smooth) in Mq xMi xMj~ XM2, and the projection 7ro2 : L01 x a/i-^12 - >• Lq\oL\2 
is embedded, we say that the composition L02 = £01 L12 is embedded. An embedded composition 
Lq2 is a smooth Lagrangian correspondence from Mq to M 2 . 

Suppose now that Mo,Mi,M2 are compact symplectic manifolds, monotone with the same 
monotonicity constant, and minimal Chern number at least 2. Suppose that Lq C Mo,Loi C 
Mq~ x Mi, L12 C Mj - x M2, L2 C M2 are simply connected Lagrangian submanifolds. (This implies 
that their minimal Maslov numbers are at least 4.) The main theorem of [SI] states that 

Theorem 6.1. With Mq, M\, M 2 , Lq, Lqi, L12, L 2 monotone as above, there exists a canonical iso- 
morphism of Lagrangian Floer homology groups 

(18) HF{L x L12, L01 x L 2 ) -> HF(L x L 2 , L 01 o L 12 ). 

The isomorphism is defined using pseudo-holomorphic quilts, i.e., in this case, triples of strips 
in Mo,Mi,M2 with boundary conditions in Lq, Lq\,L\2 and L2. The count of such quilts is used 
in the left hand side of (fTBl) . In the limit when the width 5 of the middle strip goes to 0, the same 
count produces the right hand side. 

Theorem 16.11 admits the following straightforward extension to the case of the relative Floer 
homology groups defined in Section I2T21 Suppose that Rq,R\ are symplectic hypersurfaces in 
Mq, M\. From them we obtain two hypersurfaces Rq = Rq x Mi, ^1 = Mq x R 1 in Mq x M\. We 
have the following analog of Definition 12. 3t 

Definition 6.2. A simply connected Lagrangian correspondence Lq\ C Mq x Mi is called com- 
patible with the pair (Rq,R\) if it is compatible with Rq U R\, that is, P.D.([i?o])+P.D.([i?i]) has 
trivial restriction to H 2 (Lqi; Z) . 

Example 6.3. Suppose 1 : C — > M± is a fibered coisotropic submanifold of Mi, with the fibration 
being tt : C — > Mq. Then (tt x l) : C — > Mq x Mi defines a Lagrangian correspondence, compare 
[54"1 Example 2.0.3(b)]. If Rq C Mq,R\ C Mi are symplectic hypersurfaces such that R\ intersects 
C transversely and R\ n C = tt" 1 (Rq), then C is compatible with (Rq, R\). Indeed, the restrictions 
of -P.D.([Rq\) and P.D.([Ri\) to H 2 (C; Z) are both equal to the Poincare dual of R x n C in C. 

Given two correspondences L01, L^ C Mq x Mi compatible with (Rq, R\), and a Floer trajectory 
uq\ : R x [0,1] — > (Mq x Mi, Lqi, L' Q1 ), the intersection number 

noi • (£0 U Ri) 



FLOER HOMOLOGY ON THE EXTENDED MODULI SPACE 



25 



is well-defined and non-negative. We can then state the analog of Theorem 16.11 for relative Floer 
homology: 

Theorem 6.4. Suppose that Rq,R\,R2 are symplectic hypersurfaces in Mo, M\, M 2 and we have 
simply connected, monotone Lagrangians Lq C Mo,Loi c Mq x Mi,Li 2 C Mj - x M 2 ,L 2 C M2, 
all compatible with the respective (pairs of) hypersurfaces, i.e. Lq is compatible with Rq; Lqi is 
compatible with (Rq,R\), etc. We also assume that Lq\ o L\2 is an embedded composition and is 
compatible with (i?o,i? 2 ). Set 

R 012 = (Rq x Mf x M 2 ) U (M x R~ x M 2 ) U (M x Mf x R 2 ) C M x Mf x M 2 

and 

R02 = (Rq x M 2 ) U (M ~ x R 2 ) c Mq x M 2 . 
Then, there exists a canonical isomorphism of relative Lagrangian Floer homology groups 
HF(Lq x L12, Lqi x L 2 ; R012) — >■ HF(Lq x L 2 , Lq\ o L 12 ; Rqi)- 

The proof is similar to the one of Theorem 16.11 in |54j , but keeping track of the intersection 
numbers. Since those numbers are homotopy invariants, they do not change when taking the limit 
5 — » 0. Further, for 5 small, the intersection of the middle strip in a quilt with (Mo x i?f x M 2 ) 
must be zero. Therefore, in the limit we only have contributions from Rq and i? 2 . 

Going back to topology, let So, Si be Riemann surfaces of genus h, resp. h + 1. Let Hqi be a 
compression body with boundary Sf x Ei, that is, a cobordism consisting of attaching a single 
handle of index one. Associated to Hqi we have a Lagrangian correspondence 

Lq X c JT(Y! q )- x ^K(Si) 

defined as follows. Suppose that 7 is a path from the base points zq to z±, equipped with a framing 
of the normal bundle. Let H 01 denote the non-compact surface obtained from Hqi by removing a 
regular neighborhood of 7. The boundary of H' m then consists of S , and a cylinder S x [0, 1]. 
Let ^(H 01 ) denote the moduli space of flat connections on Hqi of the form 6ds near S x [0, 1] 
(where s is the coordinate on the circle S), for some 9 € Q, modulo gauge transformations equal 
to the identity in a neighborhood of S x [0, 1]. The same arguments as in the proof of Lemma 15. II 
show that Lq\ is a Lagrangian correspondence. 

The Lagrangian correspondence Lqi has the following explicit description in terms of holonomies, 
similar to © and (|T6|) . Suppose that Hqi consists of attaching a one-handle whose meridian is the 
generator B^+i of 7Ti(Si). Then: 

Lemma 6.5. The Lagrangian correspondence Lqi is given by 

Lqi = {((A u ...,B h )e ^(E ), (A x ,..., B h , A h+1 ,B h+1 ) e ^K(Si)) | B h+l = I}. 

Proof. H 01 has the homotopy type of the wedge product of S with a circle, corresponding to a 
single additional generator a^+i- Thus m(H 01 ) is freely generated by (a±, . . . ,bh,ah+i), and the 
lemma follows. □ 

Recall from Section 14.51 that Jf (S ) admits a compactification c/K c (S ) = (S ) U i?o- We 
equip t y) /c (S / ) with the (non-monotone) symplectic form constructed in Proposition 14.121 which we 
denote by w 6) o- Then i?o is a symplectic hypersurface. Similarly, we have a symplectic form cj Cj i 
on t /( /c (S / 1 ) = ^(S^) U Let denote the closure of L01 in the compactification ^V C (T,' Q )~ x 

^ c (s;). 

Proposition 6.6. is a smooth Lagrangian correspondence from jV c (Yi'q) to t /T c (S / 1 ). 
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Proof. The space o/K c (Sq) x t /( /c (S' 1 ) is symplectomorphic to t /K(SQ) <1 y 2 _ £ x ^(Sd)<i/2-ej the 
latter endowed with the product of the natural symplectic forms on the cuts. Under this symplec- 
tomorphism, Lqi corresponds to Lq\ fl 4> _1 ([0, 1/2 — e)j. 

Consider Loi as a fiber bundle over o/K(£q), invariant under the action of the one-parameter 
subgroups used for cutting at 1/2 — e. The space obtained by applying symplectic cutting to Lqi 
at 1/2 — e is smooth. It contains Loi n <3? -1 ([0, 1/2 — e)j as an open dense subset, and therefore is 
equal to its compactification Lq X . □ 

Lemma 6.7. The Lagrangian correspondence Lq X is compatible with the pair (Rq,R\). 

Proof. View as a coisotropic submanifold of JV c {^£l^), fibered over jY c (Yi'q) with fiber G. We 
are then exactly in the setting of Example 16.31 □ 

Lemma 6.8. Let Lq C ^V c (E'q), resp. L\ C o/( /c (S / 1 ), be the Lagrangian for the handlebody given 
by contracting the cycles b±,..., b^, resp. b±, . . . , 6^+1- Then the composition Lq o Lq X is embedded, 
and equals L\. 

Proof. Immediate from Lemma 16.51 and the fact that Lq does not meet the hypersurface Rq. □ 

Lemma 6.9. Let Lq X C .JV c (Y1q)~ x ^K c (E^) be the Lagrangian correspondence for attaching a 
handle corresponding to adding the cycle ah+i, and L\q C t /K c (S' 1 ) _ x r yV c (H' ) the Lagrangian 
correspondence corresponding to contracting the cycle bh+i- Then the composition Lq ± o L\q is 
embedded, and equals the diagonal Ao C jV c {^!q)~ x jV c (^T1q). 

Proof. Immediate from Lemma 16.51 □ 

Now consider the problem of showing that the Floer homology groups HSI(Y1';Hq,Hi) = 
HF(Lq, L\\ R) are independent of the choice of Heegard splitting of the 3-manifold Y. 

By the Reidemeister-Singer theorem (jH], any two Heegaard splittings Y = Hq Us Hi, 

Y = Hq H[, are related by a sequence of stabilizations and de-stabilizations. Therefore it 
suffices to consider the case that Hq,H[ are obtained from Hq,H\ by stabilization. That is, 

H Q = Hq Us Hqi, H 1 = H\ Us (— Hio) 

where Hq\,H\q are the compression bodies corresponding to adding the cycle a,h+i, resp. con- 
tracting bh+i- If the symplectic manifolds JV c {Tiq), o^ c (S / 1 ) had been monotone, we could have 
defined usual Floer homology groups HF{Lq,L\) as in Section [2. li Then, after three applications 
of Theorem 16.11 and taking into account Lemmas 16.81 16.9| we would have found that 

HF(Lq, Li) HF(L xL 1 ,Aq) 

= HFiLoxL^LfooL^) 

HF(L xL c w ,L c 01 xLx) 

* HF((L oL c 01 ) xLi.Lfo) 

~ HF(L oL c 01 ,L c 10 oL 1 ) 

= hf(l' , L' x ). 

By Proposition 16.71 and Theorem 16.4} the same would have also worked for the versions relative to 
the hypersurfaces Rq,R\; that is, 

HF(L , L i; R ) * HF(L' , Li; 

However, the Floer homology used in the definition of HSI(Y^'q] Hq, Hi) is the semipositive version 
from Section 12.31 At present, an analog of Theorems 16.11 16.41 in the semipositive case is missing. 
The main difficulty consists in controlling the bubbling phenomenon, in the limit when the width 
5 of the middle strip in a pseudo-holomorphic quilt goes to zero. One can rule out disk and sphere 
bubbling as in the proof of Proposition 12.121 but not the figure eight bubbles mentioned in 
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Section 5.3]. Indeed, removal of singularities, transversality, and Fredholm theory for figure eight 
bubbles have not yet been developed. 

6.2. Comparison with other approaches. Let Y = Hq Us Hi be a Heegaard splitting of a 
3-manifold, with £ of genus h. Recall that the Lagrangians Lq = L(Hq) and L\ = L(H{) live inside 
the subspace 

h 

$-^0) = [(A 1 ,B 1 ,...,A h ,B h )eG 2h | Y[[Ai,Bi] = l} C ^(S'). 

i=i 

There is an alternative way of embedding <I> -1 (0) inside a symplectic manifold of dimension 6h. 
Namely, let £+ be the closed surface (of genus h + 1) obtained by gluing a copy of T 2 \ D 2 onto 
the boundary of £' = S \ D 2 . Consider the moduli space ^#tw(^+) of projectively flat connections 
(with fixed central curvature) in an odd-degree L r (2)-bundle over S + , as in Section I3U1 

h+l 

) = {(A 1 ,B 1 ,...,A h+1 ,B h+1 ) G G 2h+2 | UlAuBi] = -l}/G. 

i=l 

Pick two particular matrices X, Y € G with the property that [X, Y] = —I. Then we can embed 
< 5~ 1 (0) into ^#tw(S+) by the map 

(A\,Bi, . . . , A h , B h ) -> \{A 1 ,B l ,...,A h ,B h ,X,Y)}. 

With respect to the natural symplectic form on ^tw(E+), the spaces Lq,L\ C < l>~ 1 (0) are still 
Lagrangians. One can take their Floer homology, and obtain a Z/4Z graded abelian group. This 
is studied in [531 Section 4], where it is shown that it is a 3-manifold invariant. This invariant 
is called the torus- compactified Lagrangian Floer homology of Y and denoted HF tc (Y). It is not 
obvious how HF tc relates to HSF 

The advantage of using ./# tw (S + ) instead of jV{YI~) is that the former is already compact (and 
monotone); therefore, the definition of Floer homology is less technical and this allows one to 
prove invariance. Nevertheless, the construction presented in this paper (using r yV(T,')) has certain 
advantages as well: first, the resulting groups are Z/8Z-graded rather than Z/4Z-graded. Second, 
it is better suited for defining an equivariant version of symplectic instanton homology. Indeed, 
unlike ^# tw (S + ), the space <yY{Y>') comes with a natural action of G that preserves the symplectic 
form and the Lagrangians. Following the ideas of Viterbo from [H], [50], we expect that one should 
be able to use this action to define equivariant Floer groups HSI^(Y) in the form of H*{BG)- 
modules. For integral homology spheres, a suitable Atiyah-Floer Conjecture would relate these to 
the equivariant instanton homology of Austin and Braam [5]. 

In a different direction, it would be interesting to study the connection between our construction 
and the Heegaard Floer homology groups HF, HF + of Ozsvath and Szabo [3D], [39]. In particular, 
we ask the following: 

Question 6.10. For an arbitrary 3-manifold Y with Heegaard splitting (X; Hq, Hi), are the total 
ranks of HSI(T,; H , H{) ® Q and H~F(Y) ® Q equal? 

Finally, we remark that Jacobsson and Rubinsztein [23] have recently described a construction 
similar to the one in this paper, but for the case of knots in S s rather than 3-manifolds. Given a 
representation of a knot as a braid closure, they define two Lagrangians inside a certain symplectic 
manifold; this manifold was first constructed in [20] and is a version of the extended moduli space. 
Conjecturally, one should be able to take the Floer homology of the two Lagrangians and obtain a 
knot invariant. 
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